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A simple method of estimating the effect of inhomogeneity interactions on the overall properties (elastic
and conductive) is developed. It is formulated in terms of property contribution tensors that give the
contribution of an inhomogeneity to the overall properties. The method can be viewed as further devel-
opment of the approach of Rodin and Hwang (1991) and Rodin (1993) that generalized the method of
analysis of crack interactions (Kachanov, 1987) to inhomogeneities. We also extend the method to the
conductive properties. Considering the effect of interactions on the property contribution tensors on
the example of pores we ﬁnd that this effect is generally moderate, at most (even when pores touch
one another) – in contrast with the effect on local ﬁelds. On example of two spheres, we compare the
interaction effects on the elastic and the conductive properties, and discuss the impact of interactions
on the cross-property connections.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Interactions of inhomogeneities – in the theories of elasticity
and conductivity – is a problem that has substantial history. The
emphasis seems to have been on local ﬁelds (in the context of
cracks – on stress intensity factors, SIFs). The present work has a
more speciﬁc focus – on the effect of interactions on volume
average (effective) properties. Of interest, then, are the average
over inhomogeneities quantities (strains, temperature gradients).
To this end, a simple method of analysis is proposed whereby
the said averages are found by interrelating them by linear alge-
braic equations. The method is formulated for both elasticity and
conductivity problems.
Yet another goal is to compare interaction effects in the elastic-
ity and conductivity problems. The comparison is of importance for
the explicit cross-property connections established by Sevostianov
and Kachanov (2002) (see also their review of 2009). They have
been derived under the assumption that the inhomogeneities do
not interact. Experimental data indicate, however, that they
remain valid at substantial concentrations of inhomogeneities. A
comparative analysis of the interaction effects in the two problems
clariﬁes the reason why this is the case.The effect of interactions on local elastic ﬁelds has been ﬁrst
analyzed, probably, in the work of Sternberg and Sadowski
(1952) where the axisymmetric problem of two spherical pores
of equal size was analyzed using spherical harmonics. Chen and
Acrivos (1978) constructed a solution for two spherical inhomoge-
neities of equal size in the form of multipole expansions; they esti-
mated that their analysis was accurate at distances between
spheres larger than their radius. Rodin and Hwang (1991) showed
that this estimate is overly conservative and the method can actu-
ally be applied at distances larger than 0.25 of the radius. Tagliavia
et al. (2011) used the approach of Chen and Acrivos to calculate
effective properties of synthetic foams.
A more general approach to the problem of two inhomogenei-
ties was developed by Moschovidis and Mura (1975). Their
approximate solution is based on the theorem on polynomial
conservation (Kunin and Sosnina, 1971; see, also, Asaro and
Barnett (1975)). In order to reduce the boundary-value problem
to a system of linear algebraic equations, the ﬁeld acting on each
inhomogeneity was represented by Taylor’s series. This approach
can be extended to N inhomogeneities, as mentioned by Mura
(1987). Johnson et al. (1980) stated that a more accurate solution
can be obtained by the Taylor expansion centered at the point
where stresses are to be calculated. This statement was
numerically veriﬁed by Benedict et al. (2006). Zhou et al. (2011)
extended the Taylor series approach to inhomogeneities of
arbitrary shapes.
Nomenclature (in alphabetic order)
Greek letters
Cijkl stress concentration tensor
eij strain tensor
Hijkl and Hij strain concentration tensor and temperature gradi-
ent tensor, respectively
Kpsijkl  hDpijklðxÞiXs and K
ps
ij  hDpijðxÞiXs transmission tensors in the
context of elasticity and conductivity problems,
respectively
m Poisson’s ratio of isotropic linear elastic material
rkl stress tensor
/ volume fraction of inhomogeneities
Latin letters
Cijkl stiffness tensor of a material
Dmnij(x) external strain ﬁeld generated by an isolated inho-
mogeneity experiencing uniform strains with
components of unit magnitude
Dij(x) external temperature gradient ﬁeld generated by
an isolated inhomogeneity experiencing uniform
temperature gradient with components of unit
magnitude
Gij and G tensor and scalar Green’s functions for elasticity
and conductivity problems, respectively
Hijkl compliance contribution tensor
Jijkl = (dikdlj+dildkj)/2 fourth rank unit tensor with components
Kij conductivity contribution tensor
kij conductivity tensor of a material
Nijkl stiffness contribution tensor
Pijkl and Pij hill tensors of an inhomogeneity for elasticity and
conductivity problems respectively
qi heat ﬂux vector
Rij resistivity contribution tensor
rij resistivity tensor of a material
Sijkl compliance tensor of a material
sijkl Eshelby’s tensor of an inhomogeneity
T temperature
Superscripts
‘‘1’’ remotely applied ﬁeld
‘‘0’’ matrix material
‘‘1’’ material of the inhomogeneity
‘‘in’’ ﬁeld inside an inhomogeneity
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ties for weakly interacting spherical inhomogeneities through cal-
culation of the square-of-concentration term, using the far-ﬁeld
solution. Comparison with numerical simulations shows that the
results are accurate at spacing larger than 0.5 of the radius of the
spheres (Rodin and Hwang, 1991). Similar approach has been pro-
posed by Chen and Acrivos (1978b) who constructed (using the
approach similar to the one of Jeffrey (1973) in the context of
viscosity of suspensions) a solution for terms up to the square of
concentration.
Kushch (1996) considered the problem of N parallel spheroidal
inhomogeneities, in the context of ﬁnding full elastic ﬁelds. His
approach – a version of the multipole expansion – reduces the
problem to an inﬁnite system of linear algebraic equations; the
procedure converges reasonably fast. Kushch and Sevostianov
(2004) extended this approach to a material with transversely-
isotropic phases.
Schjodt-Thomsen and Pyrz (2005) considered a cubic arrange-
ment of spherical inhomogeneities and used numerical integration
in order to reduce a system of coupled singular integral equations
to a set of algebraic equations for eigenstrains, to be solved numer-
ically. They constructed both the local ﬁelds and the effective elas-
tic properties.
In a narrower context of cracks, the interaction problem was
ﬁrst addressed by Barenblatt (1962) and Erdogan (1962) who
considered a 2-D arrangement of two collinear cracks; this was fol-
lowed by a large number of results (mostly numerical) on various
crack arrangements that have been summarized in several hand-
books of stress intensity factors (see, for example, Murakami
(1987)). In the 2-D case, a methodology of dealing with arbitrary
arrangements of interacting cracks using polynomial expansion
of tractions on cracks and ﬁnding polynomial coefﬁcients from a
large system of algebraic equations was developed by Gross
(1982); it was later called ‘‘the method of pseudo-tractions’’ by
Horii and Nemat-Nasser (1985). This method experiences difﬁcul-
ties for closely-spaced cracks, as well as in 3-D geometries. A sim-
pler method that applies to both 2-D and 3-D geometries (and is
practically exact in 3-D cases) was developed by Kachanov (1985,
1987); in this method, the effect of crack A on crack B is foundby assuming that crack A is loaded by uniform tractions, i.e. the
effect on crack B of traction non-uniformities on crack A is
neglected.
Rodin and Hwang (1991) extended the latter method to inter-
acting spherical inhomogeneities (note that their analysis can be
generalized to ellipsoids in a straightforward way). Since their
primary focus was on local ﬁelds, a combination of analytical
results with FEM was used (the authors called their approach a
‘‘hybrid’’ one). As far as the effective properties are concerned, their
conclusion was that ‘‘the potential energy release which governs
the overall response of composite materials is almost unaffected
by interactions’’. Rodin (1993) used this method to calculate
effective properties of a material containing inﬁnite number of
spherical inhomogeneities. To this end, he considered the limit
when the number of inhomogeneities and the volume occupied
by the composite material simultaneously tend to inﬁnity.
In the context of the conductivity problem, Jeffery (1912) con-
sidered the arrangement of two spheres using the bi-spherical
coordinates and producing solution in the form of inﬁnite series
in Legendre polynomials. As shown by Chowdhury and Christov
(2010), the convergence of this series is very fast (exponential).
Christov (1985) applied the bi-spherical coordinates to the heat
conduction problem involving two spherical inhomogeneities
under constant gradient of applied ﬁeld but no numerical results
were presented in his work. In the asymptotics of widely spaced
inhomogeneities in the conductivity problem, a solution for two
spheres was given in the earlier work of Hicks (1879), by expand-
ing the solution in spherical harmonics around two poles – centers
of the spheres (this method was later called ‘‘twin-pole expansion’’
by Jeffrey (1973)). Its advantage is that the integrals involved (in
computation of the overall transport coefﬁcients are easy to evalu-
ate. For this reason, Jeffrey (1973) suggested, in the context of the
theory of ﬂuid suspensions, that the twin-pole expansion is supe-
rior to treatment in the bi-spherical coordinates. As noted by
Chowdhury and Christov (2010), this claim is not obvious since
the twin-pole expansion actually involves two approximations:
(1) truncation of the Legendre series, and (2) coefﬁcients of the
series that depend on the radial coordinate, cannot generally be
found in closed form and are sought in the asymptotics of small
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the distance between the spheres’ centers. Note that the procedure
involved in constructing the asymptotic solution can be inter-
preted as adding to the solution for a single sphere a solution that
represents ‘‘reﬂection’’ from the other sphere (a ‘‘method of reﬂec-
tions’’, see, for example, Happel and Brenner (1983)). It has been
successfully applied to a number of problems; however, this
method cannot be effectively used for closely spaced inhomogene-
ities since it leads to very slowly convergent series.
As noted above, we focus on the effective properties (rather
than full ﬁelds) – elastic and conductive – and hence on the average
strains and temperature gradients in inhomogeneities. To ﬁnd
them, we interrelate average strains and temperature gradients
induced by inhomogeneities at sites of their neighbors. Our meth-
odology is somewhat similar to the one of Rodin and Hwang (1991)
and Rodin (1993) but does not use the concept of equivalent eigen-
strain. Yet another focus, as mentioned earlier, is on comparative
analysis of interaction effects in the elasticity- and conductivity
problems and its implications for cross-property connections.
2. Background results: property contribution tensors of
inhomogeneities
Problems of effective physical properties of materials contain-
ing inhomogeneities are conveniently formulated in terms of prop-
erty contribution tensors – that give contributions of individual
inhomogeneities to the effective properties. For the ellipsoidal
shapes (and for them only!), property contribution tensors are
expressed in terms of other frequently used tensors (such as Hill
or Eshelby tensors, or ﬁeld concentration tensors); however, for a
non-ellipsoidal inhomogeneity – as well as interacting inhomoge-
neities – this link does not exist and results can be obtained
numerically (see, for example, Sevostianov et al. (2008)). In the
context of elasticity, they are compliance and stiffness contribution
tensors; in the context of conductivity – resistivity and conductiv-
ity contribution tensors. They play fundamental role in the prob-
lem of effective properties: it is them that have to be summed up
over multiple inhomogeneities.
In the context of the elastic properties, we consider a reference
volume V of a matrix containing an inhomogeneity of volume V.
Contribution of an inhomogeneity to the average, over V , strain
eij is deﬁned by the following relation
eij ¼ S0ijklr1kl þ
V
V
Hijklr1kl ð2:1Þ
where r1 is the externally applied stress and the second term
represents the strain change Deij due to the presence of the inhomo-
geneity. The normalizing factor V=V ensures that H is size-
independent, i.e. it represents the contribution of an inhomogeneity
of unit volume (as a function of its shape and elastic constants).
Similarly, the stiffness contribution tensor N, dual to H, can be
introduced as
Dr ¼ V

V
N : e1 ð2:2Þ
where e1 is the externally applied strain (that satisfy the usual
homogeneous boundary conditions, i.e. in absence of the inhomoge-
neity, they would have been uniform within its site).
The H- and N-tensors are interrelated by the equation
N ¼ C0 : H : C0 where S0 and C0 are the compliance and stiffness
tensors of the matrix. Note that, in contrast with the compliance/
stiffness tensors of a material, the H- and N-tensors are not
inverses of one another but are proportional.
Thus, H characterizes the compliance contribution of an inho-
mogeneity of unit volume as a function of its shape. In principle,it should also reﬂect interactions with neighbors that affect the
contribution; further, the concept of H- and N-tensors can be
applied to an entire cluster of several interacting inhomogeneities
(Fig. 1).
The signiﬁcance of H- and N-tensors is that the extra compli-
ance (or stiffness) due to multiple inhomogeneities is given by a
sum (that can be replaced by integration over orientations if com-
putationally convenient):
DS ¼ 1
V
X
ðVHÞðkÞ; or DC ¼ 1
V
X
ðVNÞðkÞ ð2:3Þ
Representation (2.3) covers, in a uniﬁed way, various mixtures of
inhomogeneities of diverse shapes and orientations. It recovers
familiar expressions in simple special cases. For example, in the
case of identical shapes and parallel orientations, (2.3) reduces to
DS ¼ /H, DC ¼ /N where / is the volume fraction of inhomogene-
ities that constitutes, therefore, the proper concentration parameter
in this particular case. The volume fraction can also be used as the
concentration parameter in cases when the distribution over vol-
umes is statistically independent of the distribution over shapes
and orientations since DS ¼ /hHi in such cases (note that the
assumption of statistical independence may not typically be realis-
tic: it implies, for example, that inhomogeneities of oblate shapes
have larger diameters than spheres). In the case of cracks, V ! 0
and H !1 in products ðV HÞðkÞ; solving the limit gives rise to a
crack density parameter (a scalar one, introduced by Bristow
(1960) in the isotropic case of randomly oriented cracks, and the
crack density tensor in anisotropic cases of non-random orienta-
tions introduced by Kachanov (1980), see also his review of 1992).
For an ellipsoidal inhomogeneity, H and N are expressed in
terms of Eshelby tensor s:
H ¼ ðS  S0Þ1 þ C0 : ðJ  sÞ
h i1
ð2:4Þ
where J is the fourth rank unit tensor with components
Jijkl ¼ ðdikdlj þ dildkjÞ=2.
Remark. For non-ellipsoidal shapes, a link between H (or N) and
Eshelby tensor cannot be established. In such cases, the
computational effort should be focused on H or N (rather than
on Hill or Eshelby tensors) as far as the effective properties are
concerned.
If the H- and N-tensors are taken for isolated inhomogeneities
then formula (2.3) constitutes the non-interaction approximation
(NIA). For interacting inhomogeneities, this formula still holds pro-
vided the said tensors are found with the account of interactions.
As noted above, this would require solving the interaction prob-
lem. The present work aims at achieving progress in this direction,
by incorporating interactions into H- and N-tensors via a relatively
simple method. We ﬁrst outline some relevant relations of
micromechanics.
In the problem of effective properties, one only needs to know
the average strains in inhomogeneities. Considering the stress aver-
age over certain reference volume V as a weighted average of the
matrix and inhomogeneity terms:
hriji  r1ij ¼ 1
V
V
 
hriji0 þ
V
V
hriji1 ð2:5Þ
one obtains the average, over V , strain as
heiji ¼ 1 V

V
 
heiji0 þ
V
V
heiji1
¼ 1 V

V
 
S0ijklhekli0 þ
V
V
S1ijklhekli1 ð2:6Þ
Fig. 1. Property contribution tensors can be introduced for inhomogeneities of arbitrary shape; they can also be introduced for a collective of interacting inhomogeneities
describing their combined contribution to the considered effective property.
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the inhomogeneity. Combining the two formulas yields
heiji ¼ S0ijklr1kl þ
V
V
S1ijkl  S0ijkl
 
hrkli1 ð2:7Þ
Comparison with (2.1) shows that the H-tensor can be expressed in
terms of the average over the inhomogeneity stress. Namely, intro-
ducing the stress concentration tensor C of the inhomogeneity that
relates its stress average to the applied stress, hri1 ¼ C : r1 (Hill,
1963; Wu, 1966) one obtains
H ¼ ðS1  S0Þ : C ð2:8Þ
Alongside with C, the strain concentration tensor H is used. It
relates the strain average in the inhomogeneity to remotely applied
strain: hei1 ¼ H : e1.
We now consider the thermal (or electric) conductivity problem.
We assume Fourier law (linear relation between the applied tem-
perature gradient rT and the heat ﬂux vector q per representative
volume V) and homogeneous boundary conditions (the ﬁeld of q
would have been uniform in V in absence of the inhomogeneity).
The change in rT required to maintain the same heat ﬂux, if the
inhomogeneity is introduced, is given by the formula similar to
(2.2):
DðrTÞ ¼ V

V
R  q ð2:9Þ
where the symmetric second-rank tensor R is the resistivity contri-
bution tensor of an inhomogeneity (of unit volume). Alternatively,
this relation can be written in a dual form
Dq ¼ V

V
K  rT ð2:10Þ
where K is the conductivity contribution tensor of the inhomogene-
ity, related to R by K ¼ k0  R  k0 where k0 is the conductivity ten-
sor of the matrix material (in the case of the isotropic matrix of
conductivity k0, K ¼ k20R). In the case of multiple inhomogeneities,the change in the effective resistivity, r, or effective conductivity, k,
is given by the formulas analogous to (2.3):
Dr ¼ 1
V
X
ðVRÞðkÞ; or Dk ¼ 1
V
X
ðVKÞðkÞ ð2:11Þ
that cover, in a uniﬁed way, mixtures of inhomogeneities of diverse
shapes and orientations.
The second-rank heat ﬂux concentration tensor CC (the super-
script ‘‘C’’ stand for conductivity) is introduced by the relation
hqiin ¼ CC  q1 ð2:12Þ
The resistivity contribution tensor of an inhomogeneity is related to
CC by the formula that parallels (2.8):
R ¼ ðr1  r0Þ  CC ð2:13Þ3. An approximate estimate of average strains in interacting
inhomogeneities
We ﬁrst consider an inhomogeneity placed into an ‘‘externally
applied’’ strain ﬁeld e0 ¼ e0ðxÞ (the ﬁeld that would have existed
in absence of the inhomogeneity, at its site in a homogeneous
material). Strains, both inside the inhomogeneity and outside of
it, as given by the Eshelby theory (Eshelby, 1957, 1959), are:
eijðxÞ ¼ e0ijðxÞ þ ðC1mnkl  C0mnklÞ
@
@xðj
Z
X
@GiÞðnðx x0Þ
@x0mÞ
eklðx0Þdx0 ð3:1Þ
where X is the domain occupied by the inhomogeneity and
Gijðx x0Þ is Green’s tensor; parentheses at subscripts denote sym-
metrization with respect to (m, n) and (i, j). The quantity of interest
here is the average strain in the inhomogeneity that determines its
contribution to the effective elastic properties. In ﬁnding the men-
tioned contribution, the ﬁeld e0ðxÞ  e0 must be assumed uniform
in accordance with the homogeneous boundary conditions (Hill,
1963) that are required in deﬁnition of the effective properties.
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applied one, e0, and the ﬁeld generated by the inhomogeneity expe-
riencing the generally non-uniform strain eijðx0Þ induced by e0.
For an inhomogeneity of the ellipsoidal shape embedded in uni-
form strain e0, strain e inside X is uniform and obeys the following
system of linear algebraic equations:
eij ¼ e0ij þ ðC1mnkl  C0mnklÞPijmnekl ð3:2Þ
where PijmnðxÞ  @@xðj
R
X
@GiÞðmðxx0 Þ
@x0
nÞ
dx0 is Hill’s tensor that is deﬁned for
any shape of X and, in case it is ellipsoidal, is constant inside X
(parentheses at subscripts indicate symmetrization with corre-
sponding indices). Solving (3.2) yields the uniform strain in the
inhomogeneity:
e ¼ ½J  ðC1  C0Þ : P1 : e0 ¼ H : e0 ð3:3Þ
where H is the strain concentration tensor of the inhomogeneity
(that gives its average strain in terms of the uniform strain into
which it is placed).
In the case of N inhomogeneities of any shape placed into exter-
nally applied strain ﬁeld e0 (that would have been homogeneous in
their absence), strains in the entire space (both inside the inhomo-
geneities and outside of them) are given by integral equations
eijðxÞ ¼ e0ij þ
XN
p¼1
ðCpmnkl  C0mnklÞ
@
@xðj
Z
Xp
@GiÞðnðx x0Þ
@x0mÞ
eklðx0Þdx0 ð3:4Þ
where it is assumed that different inhomogeneities may have differ-
ent elastic properties; in the case they are all the same, Cpmnkl ¼ C1mnkl,
the elastic contrast factor C1mnkl  C0mnkl can be taken out of the sum-
mation sign. Focusing on certain sth inhomogeneity, i.e. assuming
that x 2 Xs, the latter formula can be rewritten in the following form
eijðxÞ ¼ e0ij þ
X
p–s
Cpmnkl  C0mnkl
  @
@xðj
Z
Xp
@GiÞðnðx x0Þ
@x0mÞ
eklðx0Þdx0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Des
ij
þ Csmnkl  C0mnkl
  @
@xðj
Z
Xs
@GiÞðnðx x0Þ
@x0mÞ
eklðx0Þdx0;
s ¼ 1; . . .N ð3:5Þ
where DesijðxÞ are strains induced by all neighbors in the domain Xs;
the contribution of pth neighbor being calculated by treating it as an
isolated one experiencing (generally non-uniform) strain eijðx0Þ;
they can be called interaction strains.
In the case of ellipsoidal inhomogeneities, this equation yields
average strain in sth inhomogeneity
heijiXs ¼ e0ij þ hDesijiXs þ ðCsmnkl  C0mnklÞPijmnhekliXs ; s ¼ 1; . . .N ð3:6Þ
where the last term utilizes the fact that Hill’s tensor Pijmn is
uniform inside an ellipsoidal inhomogeneity.
The following approximation – that constitutes the basic idea of
the proposed method – is introduced for the interaction term
DesijðxÞ in the equation (3.5) and hence for the average hDesijiXs .
Interaction strains Desij generated by pth inhomogeneity are taken
by treating the latter as an isolated one experiencing uniform aver-
age strains hekliXp . Thus the effect on sth inhomogeneity of strain
non-uniformities with zero average in its neighbors is neglected.
Hence
DesijðxÞ ¼
X
p–s
DpijklðxÞhekliXp ð3:7Þ
where DmnijðxÞ is the (external) strain ﬁeld generated by an isolated
inhomogeneity experiencing uniform strains with components of
unit magnitude (see Appendix A). This yields a system of linear
algebraic equations for average strains in inhomogeneities:heijiXs ¼ e0ij þ
X
p–s
DpijklðxÞ
D E
Xs
hekliXp þ Csmnkl  C0mnkl
 
PsmnijheijiXs ;
s ¼ 1; . . .N ð3:8Þ
The term
DpijklðxÞ
D E
Xs
 Kpsijkl ð3:9Þ
is fourth-rank transmission tensor Kps that gives the average, over
the site of sth inhomogeneity in a homogeneous matrix, strain gen-
erated by pth inhomogeneity experiencing uniform strain, with
strain components of unit magnitude. Note that, generally,
Kps–Ksp and that ijkl components of certain K-tensor do not possess
the ij $ kl symmetry. In the non-interaction approximation,
K-tensors are zeros.
The equation (3.8) implies, in direct tensor notations,
heiXs ¼ J  C1  C0
 
: Ps
h i1
: e0 þ
X
p–s
Kps : heiXs
( )
;
s ¼ 1; . . .N ð3:10Þ
where the factor in front of the braces is recognized as a strain con-
centration tensor Hs for the sth inhomogeneity (in agreement with
the fact that the expression in the braces is represents the uniform
strain environment for it).
For example, in the case of two inhomogeneities, A and B,
system (3.10) reduces to two tensor equations
heAi ¼ HA : e0 þHA : KBA : eB ; eB  ¼ HB : e0 þHB : KAB : heAi
ð3:11Þ
In particular, in the case of two aligned identical inhomogeneities,
KAB ¼ KAB  K, HB ¼ HA  H and heAi ¼ heBi  hei so that two equa-
tions (3.11) reduce to a single one that yields
hei ¼ ðJ H : KÞ1 : H : e0 ð3:12Þ
In general, (3.10) is a system of linear algebraic equations for aver-
age strains in inhomogeneities; its solution gives the contribution of
the considered arrangement of inhomogeneities into the effective
compliance. This system contains K-factors that require calculation
that involves (1) expressions for the external stress ﬁelds generated
by inhomogeneities (treated as isolated ones), i.e. expressions for
DpijklðxÞ, and (2) averaging these ﬁelds over the domains (in a contin-
uous matrix) occupied by their neighbors.
4. The linearized version of the method and the asymptotics of
widely spaced inhomogeneities
In this section, we discuss two simpliﬁed versions of the above
developed method. We also emphasize substantial differences
between the two (they are sometimes treated as similar ones).
These two approximations are as follows.
The linearized version. In this version we linearize equation
(3.10) with respect to Kijkl. This yields the explicit solution of
system (3.10):
heijiXs ¼ Hsijmn Jmnrs þ
X
p–s
KpsmnklH
p
klrs
" #
e0rs ð4:1Þ
The linearization may be justiﬁed by smallness of K -factors. Their
smallness means that interactions – as far as their effect on average
strains is concerned – are weak; we emphasize that this does not
necessarily imply large spacing between inhomogeneities. The
example considered below shows that K-factors may be small even
at relatively small spacing between inhomogeneities.
Remark. A norm of a K -factor can be deﬁned in various ways; one
example being the Euclidean norm, kKk ¼ ð1=9Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃKijklKijklp ; the
second one is kKk ¼ Maxi;j;k;ljKijklj (the two coincide if all
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equivalent (smallness of one of them implies smallness of the
other), the ﬁrst one is ‘‘milder’’: the requirement that kKk 6 e is
less restrictive for each of the components separately (for example,
the case of K1111 ¼ 9e and other Kijkl ¼ 0 satisﬁes the smallness
requirement in the ﬁrst norm, but not in the second norm). The
choice of the norm may be related – albeit indirectly – to accuracy
requirements in estimating effective compliances Sijkl, since
K -factors determine corrections to Sijkl due to interactions.
In the case of two inhomogeneities, the linearized version of the
method yields solution of equations (3.12) in the form
eA
 ¼HA : JþKBA :HB
  : e0; eB ¼HB : JþKAB :HA
  : e0 ð4:2Þ
that, in the case of two aligned inhomogeneities of identical size,
reduces to
hei ¼ H : ðJ þ K : HÞ : e0 ð4:3Þ
The linearization with respect to Kijkl has yet another interpretation:
in estimating the effect of inhomogeneity A on average strains in B
we assume that A is placed in the externally applied strain ﬁeld e0.
In other words, the ‘‘feedback’’ effect of B on A is neglected; there-
fore, this approximation may also be called the ‘‘no-feedbacks’’
approximation.
The asymptotics of widely spaced inhomogeneities. We assume
that the ﬁelds induced at the site of a given inhomogeneity by its
neighbors are taken in their far-ﬁeld asymptotics, r !1. Then,
since gradients of ﬁelds decrease faster than the ﬁelds themselves,
the averages of the ﬁelds induced at neighbors’ sites coincide with
ﬁelds’ values at neighbors’ centers. This means that transmission
factors can be evaluated by simply taking the values of far-ﬁelds
at the mentioned centers (thus making the procedure of averaging
unnecessary).
In this asymptotics, the transmission factors are obviously
small. Formally, therefore, one can apply the same linearization
as in the approximation of small transmission factors. However,
retaining the non-linearized form (3.10) leads to substantially bet-
ter results, as demonstrated in Section 6 on the example of two
interacting pores.
Remark. A general remark on linearization should be made. It may
seem natural to apply linearization when a small but ﬁnite
parameter is present. Frequently, however, this leads to loss of
accuracy and hence there is no reason to apply it. Examples can be
given that concern various problems in mechanics (e.g., cracks of
slightly perturbed shapes, Cotterell and Rice (1980)). In the context
of effective properties, examples are numerous (see Sevostianov
and Kachanov (2012)). For example, effective compliances of a
material with pores/cracks, in the non-interaction approximation,
have the form S=S0 ¼ 1=ð1þ C/Þ where / is the concentration
parameter (porosity or crack density); it retains accuracy at
substantially higher concentrations than the linearized version
S=S0 ¼ 1 C/. The linearization of equation (3.10) should be
avoided for the same reason.
Thus, in the considered asymptotics, the solution has the form
(3.12) where the values of K-factors are taken as
Kpsijkl ¼ Dpijkl

Farfield
ðOsÞ ð4:4Þ
where Os is the center of the sth inhomogeneity. The far-ﬁeld
asymptotics of an ellipsoidal inhomogeneity is given by the follow-
ing formulas:
DijklðxÞ ¼ Vr3
1
8pð1 mÞ ð1 2mÞðdikdjl þ djkdil  dijdklÞ

þ3ð1 2mÞdklaiaj þ 3mðdjlaiak þ dikajal þ djkaial þ dilakajÞ
þ3dijakal  15aiajakal
 ð4:5ÞThe far-ﬁeld asymptotics of the transmission factors, given by
Eq. (4.4) are readily obtained from this formula, for any geometri-
cal arrangement of inhomogeneities.4.1. Comparison of the two asymptotics
It is easy to overlook the differences between the two asymptot-
ics considered above, and to treat them as similar ones. Note that a
somewhat similar confusion is frequent in the theories of effective
properties where the terms ‘‘non-interaction approximation’’ and
‘‘dilute limit’’ are commonly viewed as synonyms (in fact, the sec-
ond one assumes an additional, and counterproductive, operation
of linearization - replacement of formulas of the form
S=S0 ¼ 1=ð1þ C/Þ by S=S0 ¼ 1 C/).
Smallness of transmission K-factors means weakness of interac-
tions. This assumption does not immediately translate into the
geometrical requirement that spacing between inhomogeneities
must be large. The transmission factors – as seen from their deﬁni-
tion (3.9) – reﬂect those features of geometrical arrangements that
have dominant effect on strength of interactions (more precisely,
on the effect of interactions on average strains in inhomogeneities).
These geometrical features include not only the spacing but direc-
tions of lines connecting inhomogeneity centers, i.e. the transmis-
sion factors have angular dependencies. Therefore, smallness of the
transmission factors does not necessarily imply that spacing
between inhomogeneities is much larger than their sizes. For
example, in the case of coplanar cracks, their interaction becomes
weak at spacing substantially smaller than crack radius whereas
interaction of ‘‘stacked’’ becomes weak at much larger spacing
(thus illustrating the mentioned angular dependence of the trans-
mission factors).
In cases when K-factors are small, the linearization with respect
to K ’s is an undesirable operation, as illustrated by the example of
two spherical pores considered in Section 6. This is also clear from
the fact that, mathematically, the linearization is equivalent to
neglecting the above-mentioned strain ‘‘feedbacks’’ – an addi-
tional, and rather restrictive, assumption that does not follow from
smallness of K-factors. Thus, the observation that K-factors are
small in certain arrangement of inhomogeneities should not imply
that the linearization should be undertaken, and hence does not
lead to any simpliﬁcations.
In contrast, the approximation of widely spaced inhomogene-
ities does imply substantial simpliﬁcations, namely, that the
interaction ﬁeld induced by A at the site of B can be taken as uni-
form within this site (equal to its value at the center of B) so that
the interaction effect is immediately evaluated by simple closed-
form formulas, eliminating the procedure of averaging over inho-
mogeneity domains. These formulas explicitly reﬂect mutual
positions of inhomogeneities (in particular, the above-mentioned
angular dependencies). Although the K-factors are obviously
small in this approximation, the linearization procedure should
again be avoided. In this case, this approximation may be more
accurate than the one that takes into account non-uniformity of
the interaction ﬁelds but, on the other hand, involves the
linearization.
In conclusion, we note that the above statements apply only
to the effect of interactions on average strains in inhomogeneities
– the quantities that determine the effective properties. As far as
full elastic ﬁelds are concerned, the statements on accuracy of
the two approximations may be very different. For example, in
the context of stress intensity factors (SIFs) at tips of interacting
cracks, the approximation of widely spaced cracks usually pro-
duces unacceptable errors (Kachanov, 1992). This is clear from
the fact that, in its framework, SIFs at two tips of a 2-D crack
are the same.
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This section parallels Section 3 on the elasticity problem.
We ﬁrst consider a single inhomogeneity occupying domain X
with the conductivity tensor k1 different from the one of the
matrix, k0; temperature gradient @T0ðxÞ=@xl is prescribed at inﬁnity
and is assumed uniform, in accordance with the homogeneous
boundary conditions. The Fourier law of heat conduction is
assumed: the heat ﬂux vector qi ¼ kij@jT where kij is the conductiv-
ity tensor at the considered point.
Following the logic of the Eshelby problem, we represent the
effect of the inhomogeneity by ﬁctitious heat sources. The solution
is represented in terms of Green’s function of the matrix material
Gðx x0Þ that gives temperature at point x generated by heat
source of unit intensity applied at point x0; for the isotropic mate-
rial, Gðx x0Þ ¼ 1=ð4pkjx x0jÞ. The following integral equation,
analogous to (3.1) for the elasticity problem, holds for the temper-
ature gradient ﬁeld:
@TðxÞ
@xl
¼ @T
0ðxÞ
@xl
þ k1ij  k0ij
  @
@xl
Z
X
@Gðx x0Þ
@xi
@Tðx0Þ
@xj
dx0 ð5:1Þ
If the inhomogeneity has the ellipsoidal shape then temperature
gradient is uniform inside X; denoting its value by ð@T=@xiÞX, we
have
@TðxÞ
@xl
¼ @T
0
@xl
þ @T
@xi
 
X
ðk1ij  k0ijÞ PljðxÞ ð5:2Þ
This formula introduces second-rank symmetric Hill’s tensor for
conductivity that is similar to fourth-rank Hill’s tensor Pijkl for
elasticity:
PijðxÞ  @
@xðj
Z
X
@Gðx x0Þ
@x0iÞ
dx0 ð5:3Þ
and, for an ellipsoidal inhomogeneity, is constant inside X. The
value of ð@T=@xiÞX in (5.2) is related to the far-ﬁeld value of temper-
ature gradient via the temperature gradient concentration tensor
Hij of the inhomogeneity (it is generally non-symmetric). For an
inhomogeneity of any shape, this tensor gives the average, over X,
temperature gradient:
h@T=@xiiX ¼ Hij@T0=@xj ð5:4Þ
For an ellipsoidal inhomogeneity, this average can be replaced by
the constant value ð@T=@xiÞX and Hij is related to Hill’s tensor:
Hij ¼ ½dij  ðk1ik  k0ikÞPkj
1
.
We now consider the case of multiple inhomogeneities under
the homogeneous boundary conditions, and focus on certain sth
inhomogeneity. In analogy to (3.3) we have the following expres-
sion for temperature gradient at any point x:
@T
@xl
¼ @T
0
@xl
þ
X
p–s
kpmn  k0mn
  @
@xðl
Z
Xp
@Gðx x0Þ
@xmÞ
@Tðx0Þ
@xn
dx0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
D @T
@xl
 
þ ksmn  k0mn
  @
@xðl
Z
Xs
@Gðx x0Þ
@xmÞ
@Tðx0Þ
@xn
dx0 ð5:5Þ
Comparing (5.5) with (5.1) we recognize that the ﬁrst two terms on
the right can be viewed as the temperature gradient ‘‘environment’’
into which the sth inhomogeneity is placed, the term Dð@T=@xlÞ
representing the effect of neighbors.
We now introduce the approximation whereby the mentioned
‘‘environment’’ is taken as uniform, equal to its average over Xs,
i.e. Dð@T=@xlÞ  hDð@T=@xlÞi. Then, assuming that the inhomogene-
ities are ellipsoidal, and taking the average of (5.5) over Xs we
obtain@T
@xi
 
Xs
 @T0
@xi
þ
X
p–s
hDpijðxÞiXs
@T
@xj
 
Xp
þ ksklk0kl
 
Psik
@T
@xl
 
Xs
ð5:6Þ
It can also be written in terms of the temperature gradient concen-
tration tensor Hsij of the sth inhomogeneity.
@T
@xi
 
Xs
¼ Hsij
@T0
@xj
þ
X
p–s
hDpjkðxÞiXs
@T0
@xk
 
Xp
" #
; s ¼ 1; . . .N ð5:7Þ
These relations constitute a system of linear algebraic equations for
average temperature gradients in inhomogeneities. The term
hDpijðxÞiXs  Kpsij ð5:8Þ
represents a second-rank transmission tensor that gives the average,
over the site of sth inhomogeneity in a homogeneous matrix, tem-
perature gradient generated by pth inhomogeneity subject to hrTpi.
Note that, generally, Kps–Ksp and they are not symmetric. In the
non-interaction approximation, K-tensors are zeros.
The linearized version of the method, and the asymptotics of
approximations of widely spaced inhomogeneities are formulated
the same way as in the elasticity problem:
 The linearized version, in estimating the ﬁeld emitted by pth
inhomogeneity, assumes that it is placed into the remotely
applied temperature gradient @T
0
@xl
. Then equations (5.7) give
the explicit solution for h@T
@xl
iXs .
 For widely spaced inhomogeneities, we assume that the ﬁeld
emitted by the pth inhomogeneity is replaced by its far-ﬁeld
asymptotics (given by much simpler expressions). Averaging
of temperature gradients over inhomogeneities becomes
unnecessary in this approximation since these averages coin-
cide, to within small values of higher order, with the values of
the ﬁelds at inhomogeneity centers.
6. Results and discussion
We consider two spherical pores of equal size, in the context of
elasticity and conductivity (Fig. 2). The purpose of the analysis is
two-fold:
 To examine the accuracy of the developed method and of its
simpliﬁed versions, by comparing their predictions with FEM
calculations;
 To examine interaction effects in the elasticity and conductivity
problems. Of particular interest are implications for the explicit
cross-property connections originally derived in the non-
interaction approximation (Sevostianov and Kachanov, 2002,
see also their review of 2009).
The FEM procedure was applied to ﬁnding the compliance, H,
and resistivity, R, contribution tensors for a system of two interact-
ing pores. This required ﬁnding volume averages of local ﬁelds
(stresses, strains, temperature gradient and heat ﬂux). We used
the Marc/Mentat 2010 software package and a Python script for
processing output ﬁles. Details of the procedure are as follows.
6.1. Mesh generation
We ﬁrst produced triangular surface meshes around the two
spheres (4556 triangular elements each) and a cube (1758 triangu-
lar elements), the latter representing a RVE (Fig. 3). Prior to decid-
ing on the number of elements representing the model surfaces
and controlling the number of three-dimensional elements in the
ﬁnal models, a mesh sensitivity study was performed to ensure
accuracy of the results. It was found that simulations with larger
number of surface elements beyond the above-mentioned
d1x
2x
3x
a a
Fig. 2. Geometry of the conﬁguration of two spherical pores considered in the
example in Section 6.
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ence in components of H tensor was within 0.1%). The radii of
the spheres and the side of the cubic RVE were chosen as 0.2 and
10 correspondingly, to ensure homogeneity of the ﬁelds into which
the spheres were placed (homogeneous boundary conditions).
Once surface meshes have been imported into MSC Mentat, the
setup was meshed with 10-node second-order tetrahedral
elements. The resulting number of nodes and three-dimensional
elements varied across the considered models with approximate
numbers around 400,000 and 300,000 correspondingly. Fig. 3
provides an illustration.
In calculating H- and R-tensors, results were normalized to
Young’s modulus and resistivity of the matrix, respectively. In
the elasticity problem, calculations were done for Poisson’s ratios
m = 0.20, 0.30 and 0.40. Results are given in Tables 1 and 2.
In the conductivity problem, tensors DijðxÞ andHij entering rela-
tions (5.4), (5.8) for a spherical inhomogeneity have the form
DijðxÞ ¼ a
3
3r3
dij þ a
3xixj
r5
; Hij ¼ 32 dij ð5:9Þ
Computation of K-factors involves averaging of ﬁeld DijðxÞ gen-
erated by inhomogeneity A over the site of inhomogeneity B. The
developed method of analysis of interactions lead to the resistivity
contribution tensor for two interacting spheres in the form
Rij ¼ 32
1
VB
Z
VB
2r5
2r5dij þ 3xixj  r2dij
 
a3
dVB ð5:10Þ
The linearized version of the method yields
Rij ¼ 32
1
VB
Z
VB
dij þ a3 12r3 dij 
3xixj
r5
  
dVB ð5:11Þ
and, in the asymptotics of widely spaced inhomogeneities, one
obtains
R11 ¼ 3d
3
2ðd3 þ a3Þ
; R22 ¼ R33 ¼ 3d
3
2d3  a3
ð5:12ÞFig. 3. Meshing of a representative voluThe above results are shown in Fig. 4. It is seen that the method
remains highly accurate at close spacing, up to the point where
the spheres touch one another. At this point, the asymptotics of
widely spaced inhomogeneities remains accurate as well (in spite
of its name), with error of about 2% whereas the linearized version
yields errors of about 4%. The method and both its versions become
practically exact at spacing of half-radius between the spheres.
In the elasticity problem, formulas similar to the ones above are
substantially lengthier. For a spherical inhomogeneity, tensor
DijklðxÞ has the form
DijklðxÞ ¼ 2m 13 ½dijdkl  ðdikdjl þ dildjkÞ
a3
r3
þ 2m 1
3
dijdkl þ ðdikdjl þ dildjkÞ
  a5
r5
þ a
3
r5
1
2ð1 mÞD
IðxÞ
 1
2ð1 mÞ
a5
r7
DIIðxÞ þ xixjxkxl
2ð1 mÞ
7a5
r9
 5a
3
r7
 
ð5:13Þ
where
DIijklðxÞ ¼ m dilxjxk þ djlxixk þ dikxjxl þ djkxixl
 þ ð12mÞdklxixj þ dijxkxl
DIIijklðxÞ ¼ dilxjxk þ djlxixk þ dikxjxl þ djkxixl þ dklxixj þ dijxkxl
Note that, at an arbitrary point x, tensor DijklðxÞ does not have
any elements of elastic symmetry. However, the average over the
volume of the neighbor hDijklðxÞiVB is a transversely isotropic tensor
with the axis of symmetry being the line connecting centers of the
two spheres. Note, also, that the above-developed method (for-
mula (3.12)) and its simpliﬁed versions involve inversion and mul-
tiplication of fourth-rank tensors. These operations are best done
in terms of standard tensor bases (Appendix B).
The results are illustrated in Fig. 5. Overall, the accuracy is
somewhat lower than in the conductivity problem. The maximal
error of the method is about 5% (for H1212). The asymptotics of
widely spaced inhomogeneities and the linearized version, have,
somewhat surprisingly, approximately the same accuracy, overall.
All the versions become practically exact at spacing of one radius
between the spheres.
As far as the interaction effects are concerned, the following
observations can be made:
 The effect of interactions on the property contribution tensors is
weak-to-moderate. Components of the resistivity contribution
tensor differ from their value of 1.5 for a single pore by less than
10% in all cases in the elasticity problem, the maximal differ-
ence (at the point where the spheres touch) is about 25%.
 In the elasticity problem, substantial difference exists between
the shielding and ampliﬁcation interactions effects: theme containing two spherical pores.
Table 1
Components of the resistivity contribution tensor normalized by resistivity of the
matrix.
d/a R11 R22 = R33
2.01 1.3542 1.6167
2.10 1.3675 1.5954
2.20 1.3809 1.5796
2.30 1.3930 1.5678
2.40 1.4038 1.5585
2.50 1.4134 1.5510
2.75 1.4329 1.5375
3.00 1.4473 1.5285
3.25 1.4580 1.5222
3.50 1.4661 1.5177
3.75 1.4722 1.5143
4.00 1.4770 1.5118
5.00 1.4881 1.5060
7.00 1.4956 1.5021
10.00 1.4984 1.5007
Table 2
Components of the compliance contribution tensor normalized by Young’s modulus.
d/a H1111 H2222 H1122 H2233 H1212 H2323
m0 = 0.2
2.01 1.6594 2.1814 0.3249 0.5064 1.2292 1.3440
2.10 1.6785 2.1363 0.3258 0.4874 1.2336 1.3119
2.20 1.6990 2.1059 0.3279 0.4740 1.2359 1.2900
2.30 1.7186 2.0846 0.3306 0.4642 1.2365 1.2745
2.40 1.7373 2.0689 0.3335 0.4565 1.2360 1.2628
2.50 1.7550 2.0568 0.3367 0.4503 1.2349 1.2536
2.75 1.7949 2.0365 0.3448 0.4387 1.2311 1.2377
3.00 1.8287 2.0245 0.3526 0.4306 1.2268 1.2276
3.25 1.8569 2.0171 0.3595 0.4247 1.2229 1.2210
3.50 1.8800 2.0122 0.3655 0.4201 1.2195 1.2163
3.75 1.8989 2.0090 0.3706 0.4167 1.2166 1.2129
4.00 1.9143 2.0068 0.3748 0.4139 1.2142 1.2104
5.00 1.9529 2.0025 0.3858 0.4073 1.2079 1.2050
7.00 1.9816 2.0004 0.3944 0.4026 1.2030 1.2016
10.00 1.9931 1.9998 0.3979 0.4008 1.2008 1.2003
m0 = 0.3
2.01 1.6584 2.1689 0.4056 0.5544 1.2903 1.3618
2.10 1.6766 2.1268 0.4044 0.5436 1.2935 1.3353
2.20 1.6965 2.0984 0.4053 0.5349 1.2941 1.3168
2.30 1.7158 2.0785 0.4071 0.5282 1.2931 1.3035
2.40 1.7342 2.0639 0.4096 0.5227 1.2911 1.2934
2.50 1.7519 2.0527 0.4124 0.5182 1.2887 1.2855
2.75 1.7920 2.0341 0.4200 0.5094 1.2821 1.2719
3.00 1.8264 2.0235 0.4277 0.5031 1.2758 1.2634
3.25 1.8553 2.0170 0.4348 0.4983 1.2703 1.2578
3.50 1.8791 2.0130 0.4409 0.4946 1.2657 1.2539
3.75 1.8986 2.0103 0.4462 0.4917 1.2619 1.2511
4.00 1.9146 2.0086 0.4506 0.4894 1.2588 1.2491
5.00 1.9549 2.0055 0.4622 0.4837 1.2508 1.2447
7.00 1.9851 2.0043 0.4712 0.4796 1.2446 1.2421
10.00 1.9972 2.0040 0.4750 0.4779 1.2420 1.2411
m0 = 0.4
2.01 1.6369 2.1226 0.4751 0.5818 1.3351 1.3524
2.10 1.6529 2.0834 0.4709 0.5801 1.3364 1.3319
2.20 1.6712 2.0574 0.4701 0.5768 1.3346 1.3173
2.30 1.6894 2.0394 0.4708 0.5736 1.3313 1.3067
2.40 1.7071 2.0263 0.4725 0.5709 1.3274 1.2988
2.50 1.7242 2.0164 0.4748 0.5684 1.3232 1.2926
2.75 1.7636 2.0003 0.4817 0.5633 1.3131 1.2819
3.00 1.7978 1.9914 0.4891 0.5592 1.3042 1.2755
3.25 1.8268 1.9863 0.4960 0.5560 1.2968 1.2713
3.50 1.8509 1.9833 0.5022 0.5534 1.2908 1.2685
3.75 1.8707 1.9815 0.5076 0.5513 1.2860 1.2665
4.00 1.8870 1.9804 0.5121 0.5495 1.2820 1.2651
5.00 1.9284 1.9789 0.5241 0.5451 1.2720 1.2622
7.00 1.9596 1.9788 0.5336 0.5418 1.2644 1.2605
10.00 1.9721 1.9789 0.5375 0.5404 1.2612 1.2598
1.5 
1.6 
1.7 
22R
FEM analysis
Proposed model
Linearized version
Widely spaced approximation
I. Sevostianov et al. / International Journal of Solids and Structures 51 (2014) 4531–4543 4539ampliﬁcation effect for the component H11111 becomes smaller
than 5% at the spacing of half-radius whereas the shielding
effect for H2222 drops to this value only at the spacing four times
larger. Similar difference is observed in the conductivity prob-
lem, although it is less pronounced.
 The underlying reason for the relative weakness of interaction
effects is seen from Fig. 6 showing that the inhomogeneity-
generated ﬁeld attenuate quite fast with distance. This ﬁgure
also shows that the inhomogeneity-generated ﬁeld decreases
slower in the direction where this inhomogeneity produces
the shielding effect. The plots are constructed using formulas
in Appendix C.
 These observations have implications for multiple inhomogene-
ities. Since the interactions effects are moderate at most, and
they comprise the competing modes of shielding and ampliﬁca-
tion, their effect on the overall elastic and conductive properties
is expected to be relatively weak. (Obviously, this conjecture
needs to be veriﬁed computationally). Hence the non-interac-
tion approximation (properly formulated, see the discussion of
Sevostianov and Kachanov (2013)) may be used at substantial
concentrations of inhomogeneities – although the effect of
interactions on local ﬁelds may be strong (see Sevostianov and
Sabina (2007)). Similar observation on cracks has been made
in numerical experiments of Grechka and Kachanov (2006)
although the simulations of Saenger et al. (2006) showed
stronger effect of interactions (somewhat smaller than the
one predicted by the differential scheme).
 The relative weakness of the interaction effects implies that the
explicit elasticity-conductivity cross-property connections for
materials with inhomogeneities derived by Sevostianov and
Kachanov (2002, see also their review of 2009) in the non-
interaction approximation may be applied to cases of substan-
tial concentrations – as has been conﬁrmed experimentally
(see, for example, Sevostianov et al. (2006)).2.0 2.5 3.0 3.5 4.0 
1.3 
1.4 
d/a
11R
Pores touch
Fig. 4. Components of the resistivity contribution tensor of a system of two pores.
Solid lines: FEM results; three types of dashed lines correspond to results obtained
by the proposed method, its linearized version and the asymptotics of widely
spaced pores (as indicated). It is seen that the proposed method as well as its two
simpliﬁed versions provide good accuracy.Remark. The developed method is rooted in its narrower version
for cracks (Kachanov, 1987) where local stress concentrations, as
measured by the stress intensity factors (SIF), are usually of inter-
est. For cracks, the transmission factor KAB is the second-rank ten-
sor that gives the average traction vector induced along the site of
crack (B) by crack (A) loaded by uniform traction of arbitrary direc-
tion and unit intensity. After the average tractions on cracks are
found from relations similar to (2.3), the average displacement dis-
continuities are taken, with good accuracy, as proportional to the
average tractions. Numerical examples show that, in 3-D cases,
2.0 2.5 3.0 3.5 4.0 
1.4 
1.6 
1.8 
2.0 
2.2 
1111H
2222H
2.0 2.5 3.0 3.5 4.0 
-0.6 
-0.5 
-0.4 
-0.3 
1122H
2233H
2.0 2.5 3.0 3.5 4.0 
1212H
2323H
1.20
1.25
1.30
1.35
1.40
FEM analysis
Proposed model
Linearized version
Widely spaced approximation
d/a
d/a
d/a
Pores touch
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the spheres touch one another. The asymptotics of widely spaced inhomogeneities generally has satisfactory accuracy as well with the exception of H1122 at the mentioned
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of the pore attenuates faster in the conductivity problem (as compare to the elasticity problem). The attenuation is faster in the direction where the presence of the pore raises
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4540 I. Sevostianov et al. / International Journal of Solids and Structures 51 (2014) 4531–4543the method is highly accurate: it can be used at spacing between
cracks one-two orders of magnitude smaller than crack sizes, or
even smaller.
7. Concluding remarks
We consider interactions of inhomogeneities in the context of
the overall properties, elastic and conductive (rather than on full
ﬁelds or on their concentrations). This translates into changes,
due to interactions, in average strains (or average heat ﬂuxes) in
inhomogeneities – i.e. changes in their property contribution
tensors.
More speciﬁcally, the work focuses on the following issues:
(A) Development of a simple method of analysis of interactions;
(B) Examinations of the strength of interaction effects;
(C) The effect of interactions on the elasticity-conductivity
cross-property connections.
These issues were examined on the example of two spherical
pores. The results can be summarized, along the above three lines,
as follows:A-1. The developed method is quite accurate, as demonstrated
by comparison with FEM computations. Even in the extreme
case when the two spheres touch one another, errors of the
method in estimating the property contribution tensors are
within several percent;
A-2. We examined two simpliﬁcations in the method:
 The ﬁrst one involves linearization with respect to trans-
mission factors (that characterize the interaction effect);
the results become noticeably less accurate, as compared
to the main version of the method.
 In the asymptotics of widely spaced inhomogeneities, ﬁelds
generated by them are taken in the far-ﬁeld asymptotics;
the results are surprisingly accurate, and can be used at
very small spacing between the spheres.
B-1. The effect of interactions on the overall properties
(expressed in changes in average, over inhomogeneities, strains
and heat ﬂuxes) is relatively weak.
B-2. The shielding interaction effects (reduction of the above-
mentioned averages) are stronger than the ones of ampliﬁca-
tion. The former remain noticeable at spacing between spheres
of the order of three radii whereas the latter can be neglected at
spacing as small as one radius.
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and conductive properties implies that the explicit elasticity-
conductivity cross-property connections for materials with
inhomogeneities derived in the non-interaction approximation
(Sevostianov and Kachanov, 2002, 2009) may be applied to
cases of substantial concentrations – as has been conﬁrmed
experimentally.
Appendix A
Strain ﬁeld eijðxÞ at arbitrary point x corresponding to strain ekl
inside the inhomogeneity can be written in the form
eijðxÞ ¼ DijklðxÞekl ðA:1Þ
where (Mura, 1987):
DijklðxÞ ¼ 18pð1 mÞw;klij 
2m
4pð1 mÞ dkl/;ij
 1
8p
ðdil/;kj þ djl/;ki þ dik/;lj þ djk/;liÞ ðA:2Þ
and
/;ij ¼ dijIiðkÞ  xiIi;jðkÞ
w;ijkl ¼ dijdkl IkðkÞ  a2i IikðkÞ
  ðdikdjl þ djkdilÞ IjðkÞ  a2i IijðkÞ 
 dijxk½IkðkÞ  a2i IikðkÞ;l  ðdikxj þ djkxiÞ½IjðkÞ  a2i IijðkÞl
 ðdilxj þ djlxiÞ½IkðkÞ  a2i IijðkÞ;k  xixj½IjðkÞ  a2i IijðkÞ;kl ðA:3Þ
Here the following elliptic integrals are introduced:
IðkÞ ¼ 3
2
V
Z 1
k
ds
DðsÞ
IiðkÞ ¼ 32V
Z 1
k
ds
ða2i þ sÞDðsÞ
IijðkÞ ¼ 32V
Z 1
k
ds
a2i þ s

 
a2j þ s
 
DðsÞ
ðA:4Þ
where DðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða21 þ sÞða22 þ sÞða23 þ sÞ
q
; V ¼ ð4=3Þpa1a2a3 is the
ellipsoid volume, and k is the largest positive root of the cubic
equation (at least one positive root exists):
x21=ða21 þ kÞ þ x22=ða22 þ kÞ þ x23=ða23 þ kÞ ¼ 1 ðA:5Þ
In the far-ﬁeld asymptotics it takes the form
k ¼ r
2
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r4
4
þ a2 c2ðx21 þ x22  a2Þ þ x23
 r  r2 ðA:6Þ
is independent of the shape and is large. Hence the variable of
integration s in (A.4) is also large. The integrals (A.4) are then
shape-independent, do not depend on indices i and j and, with
the account of DðsÞ  s3=2, are given by
I ¼ 3V
r
; Ii ¼ Vr3 ; Iij ¼
3
5
V
1
r5
; Ii;j ¼ ð3ajÞVr3 ;
Iij;kl ¼ Vr3 15
akal
r2
 3 dkl
r2
 
ðA:7Þ
where ak are directional cosines (xk ¼ rak). We also have
2/ ¼ I  r2Ii; 2w;i
¼ xi I  r2Ii  a2i ½I1  r2Iij
 ðno sum over iÞ ðA:8Þ
Formula (A.2) becomes a sum of two terms, proportional to V=r3
(the leading one) and to Va2i =r
5. Retaining the leading term only,
we haveDijklðxÞ ¼ Vr3
1
8pð1 mÞ ð1 2mÞðdikdjl þ djkdil  dijdklÞ

þ3ð1 2mÞdklaiaj þ 3mðdjlaiak þ dikajal þ djkaial þ dilakajÞ
þ3dijakal  15aiajakal
 ðA:9Þ
Thus,
eijðxÞ ¼ DijklðxÞekl
¼ 1
8pð1 mÞ
V
r3
ð1 2mÞð2eij  ekkdijÞ þ 3ð1 2mÞekkaiaj
n
þ6mðeilalaj þ ejlaialÞ þ 3eklakaldij  15eklaiajakal
o
ðA:10ÞAppendix B
We use representation of a fourth rank tensor possessing the
transversely-isotropic symmetry as a linear combination of the fol-
lowing six tensors constituting the standard tensor basis (note that
the basis selected below is somewhat different from the ones used
by Kunin (1983), Walpole (1984), and Kanaun and Levin (2008))
Tð1Þijkl ¼ hijhkl;
Tð2Þijkl ¼ ðhikhlj þ hilhkj  hijhklÞ=2;
Tð3Þijkl ¼ hijmkml;
Tð4Þijkl ¼ mimjhkl
Tð5Þijkl ¼ ðhikmlmj þ hilmkmj þ hjkmlmi þ hjlmkmiÞ=4;
Tð6Þijkl ¼ mimjmkml ðB:1Þ
where hij ¼ dij mimj and m ¼ m1e1 þm2e2 þm3e3 is a unit vector
along the axis of transverse symmetry.
These tensors form a closed algebra with respect to the opera-
tion of (non-commutative) multiplication (contraction over two
indices):
T ðaÞ : T ðbÞ
 
ijkl
 TðaÞijpqTðbÞpqkl ðB:2Þ
Then the inverse of any fourth rank tensor X, as well as the product
X : Y of two such tensors are readily found in the closed form, as
soon as the representations in the basis
X ¼
X6
k¼1
XkT
ðkÞ; Y ¼
X6
k¼1
YkT
ðkÞ ðB:3Þ
are established. Indeed:
(a) inverse tensor X1 deﬁned by X1ijmnXmnkl ¼ ðXijmnX1mnklÞ ¼ Jijkl
is given byX1 ¼ X6
2D
T ð1Þ þ 1
X2
T ð2Þ  X3
D
T ð3Þ  X4
D
T ð4Þ þ 4
X5
T ð5Þ
þ 2X1
D
T ð6Þ ðB:4Þ
where D ¼ 2ðX1X6  X3X4Þ.
(b) product of two tensors X : Y (tensor with ijkl components
equal to XijmnYmnkl) is
X :Y ¼ð2X1Y1þX3Y4ÞT ð1Þ þX2Y2T ð2Þ þð2X1Y3þX3Y6ÞT ð3Þ
þð2X4Y1þX6Y4ÞT ð4Þ þ12X5Y5T
ð5Þ þðX6Y6þ2X4Y3ÞT ð6Þ ðB:5Þ
General transversely isotropic fourth-rank tensor, being repre-
sented in this basis
4542 I. Sevostianov et al. / International Journal of Solids and Structures 51 (2014) 4531–4543Wijkl ¼
X
wmT
m
ijkl
has the following components:
w1 ¼ ðW1111 þW1122Þ=2; w2 ¼ 2W1212; w3 ¼ W1133;
w4 ¼ W3311; w5 ¼ 4W1313; w6 ¼ W3333 ðB:6ÞAppendix C
We provide results for one isolated spherical pore in an inﬁnite
medium subjected to uniaxial stress or uniaxial stress ﬂux (see
Fig. 6).
In the elasticity problem the stress ﬁeld in the spherical coordi-
nate system is given by the following formulas (Leon, 1908):
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In the conductivity problem the ﬁeld of heat ﬂux in an inﬁnite med-
ium containing a spherical pore (perfect insulator) in an inﬁnite
medium subjected to remotely applied heat ﬂux q13 is given by
following formula (Maxwell, 1873):
qiðrÞ ¼ q13 di3ð1þ
1
2
a
r
 3
Þ  3xix3
2r2
a
r
 3 
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